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Abstract. We study the local evolution of Prim’s algorithm on large finite weighted graphs.
When performed for n steps, where n is the size of the graph, Prim’s algorithm will construct
the minimal spanning tree (MST). We assume that our graphs converge locally in probability
to some limiting rooted graph. In that case, Aldous and Steele already proved that the local
limit of the MST converges to a limiting object, which can be thought of as the MST on the
limiting infinite rooted graph.

Our aim is to investigate how the local limit of the MST is reached dynamically. For this,
we take tn+ o(n) steps of Prim, for t ∈ [0, 1], and, under some reasonable assumptions, show
how the local structure interpolates between performing Prim’s algorithm on the local limit
when t = 0, to the full local limit of the MST for t = 1. Our proof relies on the use of the
recently developed theory of dynamic local convergence. We further present several examples
for which our assumptions, and thus our results, apply.
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1. Introduction

1.1. Background and novelty. In this paper we analyse the evolution of the local structure
of the subtree discovered by Prim’s algorithm [54] as the number of steps in the algorithm
varies. This process is one of the most commonly used greedy algorithms to find the minimal
spanning tree (MST) of a rooted weighted graphs. However, Prim’s algorithm is different from
other greedy methods to construct the MST, such as Bor̊uvka’s algorithm [52] and Kruskal’s
algorithm [42], as it discovers the tree locally starting from a given root. More precisely, it
sequentially adds the neighbouring edge with lowest weight that does not form a cycle with the
current component. When running Prim’s algorithm to completion, the outcome is known to
be the MST of the whole finite graph. In that case, the local limit has already been analysed
in [6, Theorem 5.6], where the authors show local convergence towards the minimal spanning
forest of the infinite graph.

The novelty of our paper is the study of the outcome of Prim’s algorithm when only con-
sidering a partial number of steps. More precisely, we provide a characterisation of the limit
of Prim’s algorithm as a function of t when it runs for tn + o(n) steps on a graph with n
vertices, for t ∈ [0, 1]. This provides a process on rooted weighted graphs and fits within the
recent research field of dynamic local convergence [26, 47]. This process convergence provides
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key insights on the evolution of the structure of Prim’s algorithm when the number of steps
grows.

One of the noteworthy interpretations of our main result (Theorem 1.1), is how Prim’s
algorithm discovers the local neighbourhood of the MST around the root. Indeed, our result
states that it first spends a sub-linear time in the local neighbourhood, during which it creates
the invasion percolation cluster, after which it explores far away parts of the graph, until it
reaches a linear number of steps, where it regularly returns to the local neighbourhood and
adds edges of the minimum spanning forest of larger and larger weights. Our result further
shows that the local structure of the graph does not change as soon as we run Prim’s algorithm
for n− o(n) steps, allowing for a sub-linear correction. In particular, this means that the last
o(n) steps of the algorithm always explore faraway neighbourhoods of the graph.

1.2. Main result. For the rest of this work, we consider a sequence (Gn)n�1 of graphs
on n vertices, which converges locally in probability towards a rooted graph (G, o). Local
convergence was defined independently by Benjamini and Schramm [12] and Aldous and
Steele [6]; see [36, Chapter 2] for an extensive introduction to local convergence. We further
endow (Gn)n�1 and G with independent Uniform([0, 1]) edge weights and sample a random
vertex on from Gn; we write G = (G, o,w) and Gn = (Gn, on, wn) for the corresponding
rooted weighted graphs and call these the standard extensions of (Gn)n�1 and (G, o). We are
now interested in the local limit of Pkn(Gn), defined as the subtree obtained after kn steps of
Prim’s algorithm, when n → ∞ and for arbitrary increasing sequences (kn)n�1.

As discussed above, when kn = n, then Pkn(Gn) is exactly the MST of (Gn, wn), which con-
verges locally towards the minimum spanning forest FG of G [6, Theorem 5.4] (see Section 2.2
for exact definitions). Using this result, we know that there exist growing radii (rn)n�1 such
that (Gn,Pn(Gn)) can asymptotically be coupled with (G,FG) on balls of radius rn.

We say that the sequence of functions (kn(t))n�1;t2[0;1] is a linearly growing sequence with
respect to (Gn)n�1 if kn(0) = rn and kn(t)/n → t as n → ∞ for all t ∈ [0, 1] (see Section 2.5
for a more precise definition of linearly growing sequences). Our main result characterises
the behaviour of Prim’s algorithm for any arbitrary linearly growing sequence. In particular,
we investigate the convergence of the rooted graph obtained by applying Prim kn(t) steps as
a stochastic process on rooted graphs, using the recently developed theory of dynamic local
convergence [47].

On the infinite graph G, we note that the minimum spanning forest FG contains the subtree
Pk(G) obtained by running Prim’s algorithm on G = (G, o,w) for any arbitrarily chosen
number of steps k. Thus, FG also contains the limit P1(G) of Prim’s algorithm, corresponding
to the invasion percolation cluster. We now generalise this definition to the expanded invasion
percolation cluster at level p, which we denote by FG

+(p). We define this as the union of the

invasion percolation cluster and the edges in the minimal spanning forest FG with weight less
than p (see Section 2.2 for a more precise definition). This tree is fundamental in characterising
the limit of Prim’s algorithm and we now provide the two assumptions required for our main
theorem to hold.

Given a rooted weighted graph G = (G, o,w), write CG
o (p) for the component containing

o when only keeping edges with weight less than p and let θ(p) = θG(p) be the (annealed)
survival probability of o at level p in G, i.e.,

θ(p) = P
���CG

o (p)
�� = ∞

�
.(1)
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We further define its critical value by pc = inf{p : θ(p) > 0} and its (pseudo-)inverse, for
t ∈ [0, 1), by

θ�1(t) = inf
n
p : θ(p) > t

o
.(2)

For convenience, we define θ�1(1) = 1. When θ(p) > 0, it is possible for the root of G to be
in an infinite component at level p. It is thus natural to wonder what the rest of the graph
looks like in the case where θ(p) > 0 but the root does not belong to an infinite component.
Our first assumption states that, whenever θ(p) > 0, there exists a component in FG which is
infinite:

Assumption 1 (Percolation function and infinite percolation components). The (infinite)
rooted and weighted graph G is said to satisfy the local percolation of a giant assumption if,
for any p, the following equivalence holds:

θ(p) > 0 ⇐⇒ P
�
∃v ∈ V (FG) :

��CG
v (p)

�� = ∞
�

= 1 .

Assumption 1 entails that even when the root does not percolate at level p, if p is such
that θ(p) > 0, then there are vertices close to the root that percolate. It plays a key role
in ensuring that the giant component in the finite graph is locally visible, and can thus be
reached by Prim’s algorithm after a bounded number of steps.

In Section 4, we discuss why this assumption is required and provide examples of (random)
graphs that do not satisfy it. We further conjecture that this assumption can be omitted and
the main result would remain true, since we did not find counterexamples to prove otherwise.

Besides the relation between the probability to have an infinite component and the existence
of an infinite component in the minimum spanning forest, we need a further assumption on
θ. Indeed, since θ plays a key role in the evolution of the limit (see Theorem 1.1), it is also
important for this function to be smooth enough, as stated in the following assumption:

Assumption 2 (Smoothness of the percolation function). The (infinite) rooted weighted graph
G is said to satisfy the smooth percolation assumption if p 7→ θ(p), considered as a function
on (pc, 1], is continuous and strictly monotone.

We emphasize that G is possibly random, and that θ(p) is the annealed percolation proba-
bility, where we take the average w.r.t. the random graph G and the edge statuses on it. Note
that Assumption 2 implies that t 7→ θ�1(t) is continuous and strictly increasing as a function
from [0, 1] to [pc, 1], with θ�1(0) = pc, which, in fact, is the main property that θ needs to
satisfy for our proofs.

While we believe Assumption 2 holds in most cases, it is still possible to create counterex-
amples where θ jumps multiple times (see Section 4). However, these examples tend to also
not satisfy Assumption 3 below, and so it is unclear to us whether Assumption 2 is redundant
or not. Without proof of the contrary, we include it and keep its removal as an open problem.

The previous two assumptions only pose conditions on the local limit of the graph sequence.
We next state an assumption to make sure that the sequence itself behaves as desired. Given
the relation between the MST and connected components at level p in the percolated graph, we
next state an assumption linking the survival probability and size of the giant, as introduced
in [36, Theorem 2.28] for general (unpercolated) graph sequences:
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Assumption 3 (Percolation giant is almost local). The sequence of rooted weighted graphs
(Gn)n�1 is said to satisfy the percolation giant is almost local assumption if, for any p,

lim
k!1

lim sup
n!1

1

n2
E
����nu, v ∈ V (Gn) :

��CGn
u (p)

�� ≥ k,
��CGn
v (p)

�� ≥ k, CGn
u (p) ∩ CGn

v (p) = ?
o���� = 0 .

Assumption 3 allows us to relate the size of the largest component in Gn at level p to θG(p)
and we invite the reader to take a look at Propositions 2.5 and 2.6 to gain a first idea of the
importance of this assumption. This assumption plays an essential role in our main theorem,
as it is a key property required to connect the behaviour of percolated components between
finite and infinite graphs

With these assumptions in hand, we now have all the ingredients to state our main theorem.
The following result relies on the local process convergence, which corresponds to the natural
extension of the local topology on graphs to the process topology (see Section 2.6 for more
details):

Theorem 1.1 (Local limit of Prim’s algorithm). Let (Gn)n�1 be converging locally in prob-
ability to (G, o). Let (Gn)n�1 and G be the respective standard expansions of (Gn)n�1 and
(G, o). Define θ as in (1) and let k = (kn(·))n�1 be a linearly growing sequence with respect to
(Gn)n�1 as defined in Section 2.5. If G satisfies Assumption 1, θ(p) satisfies Assumption 2,
and (Gn)n�1 satisfies Assumption 3, then�

Pkn(t)(Gn)
�
t2[0;1]

lpc−→
�

FG
+

�
θ�1(t)

��
t2[0;1]

,

where the convergence occurs according to the local process convergence defined in Section 2.6.

The proof of Theorem 1.1 can be found in Section 3.3. It can be reduced to three main
steps. First, we prove the one-dimensional convergence of Prim’s algorithm towards the
correct limit. This proof boils down to the fact that the largest component in Gn(p) has size
approximately nθ(p), and so Prim’s algorithm applied nθ(p) steps will first quickly reach the
largest component and then remain in that component, explaining the structure of FG

+(p).
Second, we prove that the previous one-dimensional convergence can be extended to the
finite-dimensional distributions, and show that the limit satisfies the assumptions of the local
process convergence as defined in Section 2.6. Finally, we prove the tightness of the process
(as defined in Section 2.6), and complete the proof of Theorem 1.1, in Section 3.3.

It is worth mentioning that the previous convergence not only occurs as a process conver-
gence but also jointly with the convergence of Gn towards G. This is a direct consequence of
the proof method from Section 3, where we start by coupling Gn and the minimal spanning
tree on it, to G and the minimal spanning forest on it, and show the convergence of Theo-
rem 1.1 under this coupling. We decided not to state it as a joint convergence here for clarity.

Organisation. This paper is organised as follows. In Section 2 we give some background
on the different definitions from the introduction and state some useful preliminary results.
In Section 3 we then apply the previous results in order to prove Theorem 1.1. Finally, in
Section 4, we consider a few interesting specific cases and examples. We also invite the reader
to take a look at Appendix A for a list of often-used symbols and notations. We now provide
a more detailed review of the literature relevant to this work.
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1.3. Related literature. The introduction of local convergence [6, 12] at the start of this
millennium has formalised the connection between analysing graphs and graph processes on
di�erent scales. The power of this technique is demonstrated in our results for Prim's al-
gorithm, but has also been demonstrated for many di�erent processes in the literature. We
present an overview of how the introduction of local convergence gave rise to a formal local
description of graphs and how this was used to locally analyse global graph properties and
graph processes. Next, we emphasise the importance of the MST and present the state-of-
the-art results for the MST on random graphs, both from a local and global perspective.

Local convergence of graphs. The early applications of local convergence show locally
tree-like behaviour for popular sparse random graphs. Key examples include the Erd}os-
R�enyi graph [22], the uniform random graph and the con�guration model [22], inhomogeneous
random graph [17] and [36, Chapter 3], and the preferential attachment model [13, 30]. Recent
years have seen an increasing interest in this line of work and have extended the results to more
complex graphs such as uniform planar graphs [58], spatial inhomogeneous random graphs [39],
Gibbs random graphs [28], and random intersection graphs [43]. For more extensive overviews,
we refer to [10, 36]. While the �eld of local convergence for random graphs developed, others
investigated how to optimally make use of these novel results. Let us mention two main
applications of local convergence results: First, local convergence proved itself to be useful
in analysing global graph properties, such as the existence, size and uniqueness of the giant.
Second, processes on random graphs can often be analysed from a local perspective. Next,
we give a short overview of both applications.

Local analysis of global objects. Many sparse random graphs are characterised by their
local limit to such a strong degree, that their structure can be used to analyse global graph
properties. [39, Chapter 2.5] illustrates this in detail for di�erent graphs measures, such as
the global cluster coe�cient and assortativity coe�cient for graphs that have a uniformly
integrable second and third moment for the degree of a uniformly chosen vertex respectively.
Related is the PageRank distribution [31] that is also well studied from a local perspective.

Such results also extend to an analysis of the number of spanning trees for large sparse
graphs [45, 55], to the spectral measure for locally tree-like graphs [14, 18] and to graph
colourings [20]. A similar analysis for the critical percolation probability for transitive graphs
has seen much attention over the years. First conjectured that this was indeed a local property
(see [11] for details), many works have since been extending the class of graphs for which the
critical percolation probability was indeed local, see [21] and the references therein. The
conjecture was �nally proven in full generality in [27]. Finally, recent work shows that, under
some conditions on the graph, the giant component can be completely characterised from a
local perspective [35, 36, 37]. In this case, the giant was also described as `almost local'.

We �nally remark that these results �nd direct practical applications in the mathematical
physics literature via, for example, the factor model [23] and the Ising model. The latter model
has received a signi�cant amount of attention. Here one assigns labels (or spins)f� 1; 1g to
a vertices of a random graph according to the Boltzmann distribution, which forms a central
representation for ferromagnetic �elds. The works of [22, 23, 49] show that for a multitude
of locally tree-like graphs the spin distributions can be analysed from the local limit. These
works have later been extended to di�erent graphs and to di�erent properties of the Ising
model from both a theoretical and practical point of view, see [4, 8, 23, 25, 59].

Processes on a random graph. A second key development initiated by local convergence
is the translation of processes on graphs to their local limit. Ideally one hopes that analysing
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a process on a random graph is similar to analysing the process on the local limit. We
�rst observe such a phenomenon on dynamic random graphs, for example the Erd}os-R�enyi
and inhomogeneous random graph [26] and the random intersection graph [47]. Interacting
particle systems, where states of vertices develop via a Markov or di�usion process based on
their neighbours, have been extensively analysed, see [44] and the references therein, where
the authors show that the vertex interaction translates to the local limit. Related examples
have also been studied, such as the contact process [50], SIR epidemic models [48], and voter
models [40].

Algorithms for the minimum spanning tree. There are many classical construction
algorithms for the MST dating back to the early 20th century, such as Bor�uvka's algorithm
[52], Kruskal's algorithm [42] and Prim's algorithm [54], which generally run in O(E log(V ))
time complexity [53]. From a discrete optimisation point of view, the main interest in the
MST is to improve the e�ciency of search algorithms, see for example [41] and the reference
therein.

For this work, the geometry of the MST in disordered networks is of signi�cant importance.
To the best of our knowledge, interest in the topic arose in the mid-eighties for properties of
MST on the complete graph with random edge weights [29] and for the Euclidean minimum
spanning tree [5, 56] and the references therein. This was later further generalised in [7].
Shortly after the introduction of local weak convergence in the beginning of the new millen-
nium, Aldous and Steele [57] examined the MST on the weighted complete graph, and related
that to a minimum spanning forest on the Poisson weighted in�nite tree (PWIT). This work
was later extended to general graphs in [6].

The geometry and other properties of the MST �nd many applications in applied physics,
see for example [24] and the references therein. A classic example of such geometrical property
is the diameter of the MST, often used as an upper bound for the typical distance between
uniform vertices. These results hold for many classes of disordered networks [19], due to the
universality of the MST [24].

Local limits for the minimum spanning tree. So far, local convergence of the MST (i.e.,
kn = n) has been shown for general graphs, see [6, Theorem 5.4] and more in depth for the
complete graph with random edge weights [1, 51].

Global limits for the minimum spanning tree. The global perspective of the MST is
usually captured by its scaling limit . This was �rst derived for the complete graph in [2],
and is closely related to the Erd}os-R�enyi random graph. For other random graph models, the
global geometry of the MST has also been analysed before, such as the 3-regular graph [3] and
the inhomogeneous random graph with power-law degrees [15]. Interestingly, while the scaling
limit of these MSTs are intimately related to large critical percolation cluster on them, the
Hausdor� dimension of the MST is generally larger than that of critical percolation clusters.
Indeed, for the complete graph, the Hausdor� dimension of critical percolation clusters equals
2 (as for the closely related continuum random tree), while for the scaling limit of the MST
it is 3 [2].

Quenched versus annealed. As one can consider this model as random disorder (the uni-
form edge weights) in a random environment (the random graph), we emphasise that our
results are for the annealed setting, that is, where one averages out over the random environ-
ment. This is in contrast with the quenched setting, where one shows results for an almost
sure realisation of the environment. This distinction is important as it is known that results
can di�er between regimes, see for example [9] and the references therein.
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1.4. Discussion of the results. In the following, we discuss the implications of Theorem 1.1.
We �rst illustrate how this result completely describes how Prim's algorithm discovers a
random graph from a local perspective. We provide simulations of Prim's algorithm on large
graphs and show how it follows patterns found in our theoretical results. Finally, we show
that our results also provide a good description of the addition times of edges.

Discovering the MST. Analysing the local limit of the MST on (random) graphs via Prim's
algorithm involves two limits: one relating to the graph size (i.e., n) and the other relating
to number of steps of Prim's algorithm (i.e., k). Except for the clear condition n � k, there
is some freedom in how these limits are taken. Theorem 1.1 illustrates the behaviour for
di�erent choices of the relation betweenn and k. First, by taking k = o(n), we locally obtain
the invasion percolation cluster of the local limit FG

+ (pc) = P1 (G). This agrees with simply
taking these limits sequentially, i.e., taking n ! 1 followed by k ! 1 .

While clearly the local neighbourhood of the MST is not fully explored in this setting
(consider the example of a single vertex attached to the root with a very high weight), this
directly implies that k growing (arbitrary slowly) in n is not su�cient to discover the full
local neighbourhood of the MST (at least whenpc < 1). Indeed, for some small" > 0, at
time "t , by Proposition 3.1, Prim's algorithm is discovering the largest percolation component
of the graph percolated at � � 1(" ) > p c, which is located outside of the local neighbourhood.
By Proposition 2.6, the largest component is of linear size when percolated atp > pc, we
�nd that only after a linear number of steps, Prim's algorithm is able to return to the local
neighbourhood. Indeed, our results state that, in the time interval [cn; (c + � )n], Prim's
extends its search in the local neighbourhood by connecting edges with weights in between
� � 1(c) and � � 1(c + � ).

The local limit of the MST is therefore constructed in two phases. In the �rst phase,
consisting of o(n) steps, Prim's algorithm basically explores the invasion percolation cluster
on the local limit. In the second phase, after spending"n steps away from the root, it returns
to the neighbourhood of the root, and adds edges and groups of vertices that belong to the
MST. This was also noted in [1] for the complete graph.

Simulations. Our results imply that there are vertices in the local neighbourhood that are
explored very early by Prim's algorithm (�rst phase) and some that are explored very late
(second phase). Such behaviour implies that it takes aroundn(1 � o(1)) steps for Prim's
algorithm to fully discover the local limit of the MST, as we con�rm in a simulation study.

In Figures 1, 2, and 3 we ran Prim's algorithm on large grids, triangular lattices, and
3-regular graphs respectively. While all �gures show about 1000 vertices of the graph, the
simulations were run on a larger graph extending past the boundary of the images, in order
to better reproduce the e�ect of a local limit . In all cases, we can see that some edges close to
the root are added late in the algorithm (i.e., they are red). Finally, in Figure 4, we provide
a representation on a much larger scale with a 2000� 2000 grid; in this case, we once again
see that late components, in red, are added in every neighbourhood around the root.
Addition and completion times. We next use our results to describe theaddition times
for edges in the neighbourhood of the root, and thecompletion time of the neighbourhood of
the root in the MST. For r � 0, we de�ne the addition time

� n (r; m ) = min
n

k :
�
�Pk (Gn ) \ B r (Gn )

�
� = m

o
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